We investigate the W ∞ algebra in the integer quantum Hall effects. Defining the simplest vacuum, the Dirac sea, we evaluate the central extension for this algebra. A new algebra which contains the central extension is called the W 1+∞ algebra. We show that this W 1+∞ algebra is an origin of the KacMoody algebra which determines the behavior of edge states of the system. We discuss the relation between the W 1+∞ algebra and the incompressibility of the integer quantum Hall system.
Introduction
The quantum Hall effect(QHE) was discovered by von Klitzing, Dorda and Pepper in 1980 [1] . They were studying the Hall conductance of a twodimensional electron gas in an inversion layer of a silicon metal-oxidesemiconductor field-effect transistor(MOSFET). They noticed that the Hall conductance was quantized at a very low temperature under a high magnetic field. Plotting the Hall conductance as a function of the external magnetic field, they obtained the plateaus where the Hall conductance was equal to an integer multiple of e 2 /h and the longitudinal conductance was essentially equal to zero. We call this phenomenon the integer quantum Hall effect(IQHE) today.
When a charged particle moves on a plane in a perpendicular uniform magnetic field, discrete energy levels appear. They are called the Landau levels. There are degenerate states in each level. In the QHE whose filling factor ν is equal to or less than one, taking the limit of the large external magnetic field, electrons are constrained in the lowest Landau level(LLL) [2] [3] . Because the QHE is a low temperature phenomenon, all spins of electrons are aligned and we need not consider a freedom of spins. In the IQHE, the LLL is completely filled and liquid of electrons is incompressible without an interaction.
The incompressibility is an important feature of the QHE[2] [5] . In an incompressible droplet, a local fluctuation of the density is forbidden. There are no gapless collective excitations in a droplet. A gapless excitation can occur only at a deformation of the edge. This excitation is called an edge state [6] . To investigate an edge state, Wen and Stone and others considered edge-charge operators. It has been indicated that the dynamics of the edge is described with a one-dimensional chiral fermion and edge-charge operators satisfy the Kac-Moody algebra [7] [8] [9] [11] .
Recently, it has been shown that the infinite dimensional Lie algebra appears in the second-quantized system constrained to the LLL [10] [11] . It is the W ∞ algebra. Although the wave functions in the LLL could not form a complete set, a second-quantized fermion field is constructed from them. Under unitary transformations of this field, a wave function remains in the LLL and the total fermion number does not change. The generators of these transformations form the W ∞ algebra. If we define a vacuum as the state of a localized electron droplet, the W ∞ algebra acquires the central extension and non-trivial current operators appear [19] . In this paper, we derive the central extension for this algebra by defining the simplest vacuum, the Dirac sea. The new algebra that we obtain contains the U(1) Kac-Moody algebra. We show that this Kac-Moody algebra describes the edge states in the IQHE.
What we show in this paper is the following. The W ∞ algebra discussed in this paper contains infinite operators whose conformal dimensions are equal to or above one. We arrange these operators in order. This W ∞ algebra contains the c = 0 Virasoro algebra. We find primary fields which are made from the electron field. We notice that the current operators contained in this W ∞ algebra commute with each other.(Commonly, the W ∞ algebra is defined as a closed algebra which contains infinite operators whose conformal dimensions are equal to or above two. The W ∞ algebra does not contain the current algebra. And so, strictly speaking, the algebra that we are considering now is not the W ∞ algebra. It is the W 1+∞ algebra which does not contain the central extension.) Because there are no central extension terms in the current algebra, we can hardly find a physical meaning in it. We notice that we had better define an appropriate vacuum and obtain a non-trivial current algebra. Defining the simplest vacuum, the Dirac sea, we derive an exact form of the W 1+∞ algebra which has central extension terms. Furthermore, we construct this W 1+∞ algebra from a one-dimensional free fermion field. This W 1+∞ algebra contains the c = 1 Virasoro algebra and the U(1) Kac-Moody algebra. We can expect to extract some physical meanings from them. Taking the classical limit (the limit of the large external magnetic field B ), we show that electrons become an incompressible droplet. (The similar consideration is given in [17] .) We also show that the origin of the Kac-Moody algebra, which is constructed from edge-charge operators and controls the edge states, is this W 1+∞ algebra. Using the bosonization transformation, we construct the primary fields and edge-charge operators from a free boson field.
Here, we summarize the contents of sections in this paper. In section 2, we review a single-particle kinematics in the LLL. The degenerate wave functions in the LLL can be labelled by an operator which commutes with the Hamiltonian. The wave functions in the LLL can be regarded as a onedimensional system. Then, we review unitary transformations of the secondquantized field and the W ∞ algebra. Particularly we consider the meaning of the large B limit. Although we can always eliminate the appearance of the factor B by scaling the coordinates, there are some meanings in this limit.
We understand that this limit is a sort of the classical limit. In section 3, we discuss some properties of the W ∞ algebra. This algebra contains the Virasoro algebra. We find its primary fields. In section 4, we describe the W ∞ algebra with a one-dimensional free fermion.
In section 5, we discuss a localized electron liquid. We regard this state as a vacuum. Defining the simplest vacuum, the Dirac sea, we derive the central extension and obtain an exact form of the W 1+∞ algebra. Using the result obtained in section 4, we construct this W 1+∞ algebra from a one-dimensional free fermion. In this vacuum, the filling factor ν is equal to one. It means that we are considering the IQHE. In the W 1+∞ algebra, there is a non-trivial current algebra. We can get some physical information from them. Taking the classical limit (B ≫ 1), we can regard electrons as a localized droplet whose density is uniform. Electrons behave as an incompressible droplet.
In section 6, we review the edge-charge operators defined by Wen and Stone and others. These operators form the Kac-Moody algebra. We show that the origin of this Kac-Moody algebra is the W 1+∞ algebra. In section 7, we describe edge-charge operators with a bosonized representation. We construct primary fields found in section 3 from a free boson. We also construct an operator which adds a charge on the edge.
2 The many-body system in the lowest Landau level and the W ∞ algebra
At first, we review a single-particle quantum mechanics on a plane. When an electron moves on a plane with a perpendicular uniform magnetic field, energy levels are quantized discretely. These energy levels are called the Landau levels. In the LLL, there are infinite degenerate states. We can label these states perfectly by an appropriate operator which commutes with the Hamiltonian. And so, the degenerate states in the LLL can be regarded as a one-dimensional system. Then we consider a many-fermion system in the LLL. We review the recent work that the W ∞ algebra appears in unitary transformations of the second-quantized field [10] [11] . These transformations preserve the states in the LLL and keep the total fermion number invariant. Generators of these transformations are made from a density operator and the commutation relation of them is the W ∞ algebra. We discuss the large B limit. We understand that the large B limit is a sort of the classical limit.
The Hamiltonian of a single-particle quantum mechanics is given by
The unit is given by c =h = 1. B(> 0) is a perpendicular uniform external magnetic field on the xy-plane. The momentum operators π i are given by
Annihilation and creation operators are defined in the form,
Writing the Hamiltonian with the annihilation and creation operators, we can treat this system as a harmonic oscillator,
where ω = eB/m. There are degenerate states in each level. In the limit of the large B, the energy gap increases and the electron eventually occupies the lowest level. From now on we consider only the LLL. The condition that φ( x) is in the LLL is given by aφ( x) = 0. Now, we define the useful operators,
There are following relations,
We can label the degenerate states in the LLL by eigenstates ofX,Ŷ orX 2 +Ŷ 2 . For example, let's consider wave functions in the LLL that diagonalizê X 2 +Ŷ 2 . In the gauge A = (−By/2, Bx/2), we obtain an orthonormal basis, 6) where z = x + iy and n = 0, 1, 2, · · ·. Because we consider only the LLL, we can regardX 2 +Ŷ 2 as an angular momentum operator.
Taking the gauge A = (−By, 0) and diagonalizingŶ , we obtain another orthonormal basis of wave functions in the LLL. The basis is given by
where 0 ≤ x < L. This wave function is localized around y = Y . A density of states is equal to eB/2π. Let's consider the many-body problem. We define the filling factor by ν = 2πρ/eB, where ρ is a density of electrons. If ν ≤ 1 and B ≫ 1, all the electrons are constrained in the LLL.
In the following, we take the gauge A = (−By/2, Bx/2) and use the basis of {φ n ( x)} defined in (2.6) for a while. We perform the second-quantization in the following way,
(2.8)
({φ n ( x)} is not a complete set. And so, ψ( x) and ψ † ( x) do not obey the usual anti-commutation relation.)
We consider a unitary transformation of {Ĉ n },
This transformation preserves the LLL condition, aψ ′ ( x) = 0, and keeps the total fermion number invariant, d
The generator is given by the functional,
Let's consider the commutation relation of ρ [ξ] . Because it is difficult to calculate the commutation relation of ρ[ξ] directly, we derive the commutation relation of the Fourier component of ρ( x) first. Fourier components of the density operator ρ( x) are given bỹ
Using this representation, we obtain
Here, we define
This commutation relation is called the W ∞ algebra or the Fairlie-FletcherZachos algebra [10] [11] [12] [13] . (Strictly speaking, this is the W 1+∞ algebra which has no central extension terms.) In the limit of B ≫ 1, we obtain
This algebra is called the w ∞ algebra or the area-preserving diffeomorphisms [16] . We can regard (2.14) as a quantized version of the area-preserving diffeomorphisms. Here we must pay attention to the following. We can always eliminate the appearance of the factor eB by scaling the coordinates, x ′ = eB/2 x. Therefore, strictly speaking, there is no meaning in taking the large B limit. But, we can interpret this limit as the classical limit which reduces (2.14) to the w ∞ algebra. The large B limit sometimes reveals important information contained in the theory. (The classical limit is discussed in [17] , too. In section 5, we will understand that the electron liquid shows the incompressibility under this limitation. The same result is obtained in [17] .) A commutation relation of ρ[ξ] is obtained,
where
{{ξ 1 , ξ 2 }} is called the Moyal bracket [14] . In the limit of B ≫ 1, the Moyal bracket becomes the Poisson bracket,
Even if we take the gauge A = (−By, 0) and use the {φ Y ( x)} defined in (2.7), we obtain the same commutation relations.
3 Some properties of the W ∞ algebra Let's investigate some properties of the W ∞ algebra obtained in (2.14) . This algebra contains infinite operators. Labelling these operators with the conformal dimensions, we arrange them in order. We show that (2.14) contains the Virasoro algebra. Then, we look for primary fields.
We define operators,
From (2.14), we obtain commutation relations ofL
Because these commutation relations are complicated, we discuss characteristic ones. We redefineL (n) (k x ) by the form,
Some commutation relations can be written in the forms,
m ] = 2nL
(1)
In these relations, L
n looks like a lowering operator. It is important that L 
6)
A m is the Fourier mode of the field whose conformal dimension is h. We notice that
m is a component of the conformal dimension (n + 1) field. The algebra defined in (2.14) contains the current operator L (0) n . Commonly, the W ∞ algebra contains infinite operators whose conformal dimensions are equal to or above two. The W ∞ algebra does not contain current operators. Therefore, strictly speaking, the algebra defined in (2.14) is not the W ∞ algebra. It is the the W 1+∞ algebra which has not central extension terms. In particular, the algebra of the current operator (3.4) is trivial. If we define a vacuum and consider a central extension term, there must be an interesting physics in the current algebra. In section 5, we define the simplest vacuum and derive the central extension terms.
Next, we look for primary fields of L
n . At first, we consider a field written in the form,
Let's take the gauge A = (−By, 0) and use the eigenfunctions ofŶ defined in (2.7). We impose a periodic boundary condition, 0 ≤ X < L. ζ(x) is given in the form,
The commutation relations ofL
Now, we define a new variable and new field operators,
We can express the commutation relations in the form,
η(w) andη(w) are primary fields. Because we are considering free fermions, it is quite reasonable that both of their conformal dimensions are equal to 1/2.
4 The free fermion representation of the W ∞ algebra
In this section, we show that the W ∞ algebra can be constructed from a one-dimensional free fermion field [15] . In section 5, we will define the Dirac sea vacuum and evaluate the central extension. Then, we will show that the W 1+∞ algebra, which contains the central extension, is constructed from a one-dimensional free fermion field, using the result obtained in this section.
At first, we obtain an explicit form of L (l) j . Taking the gauge A = (−By, 0) and using wave functions defined in (2.7), we obtain general forms of {L
Because these are complicated, we present some examples,
is an energy-momentum tensor in the conformal field theory(CFT). We notice that T (0) (x) can be written in the form,
where ζ(x) is the primary field defined in (3.8). Using ζ(x), we can rewrite T (1) (x) in the form,
The general form of T (l) (x) is given by
Conversely, if we prepare a one-dimensional free fermion field ζ(x), we can always construct {T (l) (x)} and {L (l) j }. We can construct the W ∞ algebra from ζ(x).
5 The central extension of the W ∞ algebra for the ν = 1 Dirac sea vacuum
In this section, we consider the state of the localized electron liquid. We define a vacuum and derive a central extension. We obtain an exact form of the W 1+∞ algebra. The central extension creates the Kac-Moody current. To make the problem easy, we assume the simplest vacuum, the Dirac sea. (The similar consideration is given in [19] .) Using the result obtained in section 4, we construct the W 1+∞ algebra from a one-dimensional free fermion field. We take the large B limit of this vacuum. We notice that the Dirac sea vacuum can be regarded as a liquid of electrons filled in the area y ≤ 0. The filling factor is equal to 1 and the liquid of electrons shows incompressibility. It has been shown already that the system considered now can be regarded as a one-dimensional fermion system. In this system,X plays the role of a coordinate andŶ plays the role of a momentum, [X,Ŷ ] = i/eB. We use a set of eigenstates defined in (2.7),Ŷ φ Yn ( x) = Y n φ Yn ( x). The vacuum state |G is defined,
whereĈ n |0 = 0, for ∀n ∈ Z. In the vacuum state |G , all states with nonpositive momenta are filled. (See Fig.1 .) The normal ordering : : is defined by the following.Ĉ n (n > 0) orĈ † n (n ≤ 0) are put on the right ofĈ † n (n > 0) orĈ n (n ≤ 0). Whenever operators are exchanged, they are multiplied by (−1).
Using the Wick's theorem, we can derive a new commutation relation,
where is a vacuum expectation. The second term in the right hand side of (5.2) is the central extension.
Let's derive the vacuum expectation. We impose the periodic boundary condition, 0 ≤ X < L. W ( k) is given by the form,
In the limit of L → ∞, we obtain
We obtain a new commutation relation [18] ,
To understand (5.5) more clearly, we derive commutation relations of :
We obtain a new closed algebra of : L In section 4, we showed that the W ∞ algebra can be constructed from ζ(x). It is true for the W 1+∞ algebra, too. We can construct {: L :
We can construct the W 1+∞ algebra from a one-dimensional fermion field ζ(x).
Here, we consider the following. We can construct the energy-momentum tensor from the Kac-Moody current : T (0) (x) : as the Sugawara form. Decomposing this energy-momentum tensor, we obtain the Virasoro operators. This new Virasoro operator corresponds to : L (1) j :. We can rewrite (5.5) by the functional,
In the limit of B ≫ 1, (5.10) becomes simple. We neglect O(1/B) terms. We obtain
This result is interesting. Because of (5.2), in the limit of B ≫ 1, the commutation relation of : ρ[ξ] : is given by
(5.12)
Comparing (5.11) with (5.12), we notice that ρ( x) is equal to eBθ(−y)/2π in the limit of B ≫ 1. Let's see Fig.1 . If B ≫ 1, X and Y are approximately equal to x and y,X
This result means the following. In the limit of B ≫ 1, the electrons are localized in the area y ≤ 0. We can conclude that the Fermi liquid in this system is approximately an incompressible fluid in the limit of B ≫ 1. In particular, eB/2π is the density of the LLL. In this system, the filling factor ν is equal to one.
The edge-charge operators and the KacMoody algebra
In this section we review the edge-charge operator which has been discussed by Stone, Wen and others [3] [7][9] [11] . These authors have claimed that the commutation relation of the edge-charge operators is the Kac-Moody algebra. We show that the origin of this Kac-Moody algebra is the W 1+∞ algebra by using the result obtained in section 5. We will understand that the U(1) Kac-Moody algebra rules the behavior of the edge state. Let's consider electrons not only in an external magnetic field but also in a weak electrostatic potential V ( x),
where 1 ≫ Λ > 0, Λ = const, and 0 < E ≪ 1 , E = const. In this case, the electrostatic potential keeps the electrons inside the area, y ≤ 0. In the limit of B ≫ 1, the ground state of this system becomes approximately the Dirac sea vacuum. Therefore we can use the results which are obtained in section 5.
Using Stone's notation, an edge-charge operator is defined,
We consider that Λ is larger than the magnetic length, Λ ≫ l 0 where l 0 = 1/ √ eB. j(x) is the charge operator which lies on the edge (x, 0). (See Fig.1.) A functional is defined,
where f (x) is any non-singular function. Using (5.11), in the limit of B ≫ 1, the commutation relation of j[f ] is given by
Let's evaluate the first term in the right hand side of this equation. Using the basis defined in (2.7), the first term is written explicitly in the form,
Because of the Gaussian, we notice that dominant contributions are given when 2y ≃ Y n +Y m . On the other hand, because of the factor [2y −(Y n +Y m )], these contributions vanish. We can neglect this term. We obtain
(Stone obtained this relation, too. He didn't consider the central extension of (5.5). He substituted the mean value of ρ( x) in the right hand side of (2.16).) We can write the commutation relation formally in another form,
Hence, we obtain the commutation relation of j(x) in the limit of B ≫ 1,
There is the Kac-Moody algebra in (6.6). Let's decompose j(x) in the Fourier components,j
From (6.6), we obtain the Kac-Moody algebra, [j n ,j m ] = nδ n+m,0 .
We can obtain the following relation easily,
In the limit of B ≫ 1,j n is identified with : L
n :. Furthermore, we pay attention to the following. From the Kac-Moody algebra, we can always construct the c = 1 Virasoro algebra. We will discuss it in section 7.
Let's consider the physical meaning ofj n . For example, in the limit of B ≫ 1,j −n (n > 0) is given byj −n ≃ Because the droplet is incompressible,j −n is an operator which deforms the edge of the droplet. This deformation propagates with the velocity v F = E/B along the edge. There is the current which is not parallel to the external electric field E. This is the IQHE. The electric current j is given by
Stone, Wen and others derived the Kac-Moody algebra by quantizing the classical theory. They quantized the classical equation of the surface wave on the droplet and obtained the one-dimensional chiral free fermion. Generally we can conjecture the following. We assume an arbitrary vacuum. (See Fig.3.) A droplet of electrons is localized in the area, S. ∂S is an edge of S. Taking the classical limit, we obtain
From this equation, we notice that this commutation relation reflects a behavior of the edge.
The bosonization of the one-dimensional fermion system
The bosonization transformation is known to be an important property of the one-dimensional fermion system [3] . In this section, we express the Virasoro algebra and the Kac-Moody algebra with a boson field [8] [9] . It is a basic exercises of the CFT [4] . We construct the primary fields defined in section 3 from a boson field. We define a current operator,
where Ψ(X) ≡ nĈn X|n ,Ŷ |n ≡ Y n |n , and
Here, we take the Dirac sea vacuum discussed in section 5. Ω(X) is decomposed into a singular part and a non-singular part,
By the similar derivation of (5.3), the second term which has a singularity in the limit of ǫ → 0 is given by
3)
The commutation relation of J(X) is obtained in the form,
We find the U(1) Kac-Moody algebra. If we define {J n } in the form,
they satisfy [J n , J m ] = nδ n+m,0 and J † n = J −n . Let's consider how to define the normal ordering of {J n }. For n > 0, J n annihilates the Dirac sea vacuum |G , 6) where P and P ′ are proper integers. The normal ordering : : is defined in the following way, : J n J −n := J −n J n for n > 0.
Using {J n }, we can construct the c = 1 Virasoro algebra. J(X) is written in the form,
With a new variable v ≡ exp(−i2πX/L), we define a vector currentJ(v),
We define {L n } in the following way, We notice that this system is described by the CFT which has an energy momentum tensor, T (v) = −(1/2) : ∂ϕ(v)∂ϕ(v) := n L n v −n−2 . ϕ(v) is expanded in the form, After some calculation, we get V α (v)V α (w) = (−1) α 2 V α (w)V α (v). (7.15) α 2 decides whether V α (v) is a boson or a fermion. If we take α = ±1, we get a primary field which is a fermion and has a conformal dimension h = 1/2. V 1 (v) and V −1 (v) have appeared as η(w) andη(w) in section 3 already.
We have the relations, We can interpret these equations as the following. If we assume that J(X) is a charge density operator at X and |J(X) is its eigenstate, V α (exp(−i2πX ′ /L)) adds a charge α at X ′ , This operator has been constructed by Stone [7] .
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